We obtain the one-and two-loop renormalization group equations for soft SUSY breaking scalar interactions in general, semi-simple SUSY gauge model, by using the supergraph method. We find that the method simplifies the calculation significantly because of the non-renormalization theorem and also because of the property that the relevant divergences are derived by simple algebra from those in exact SUSY case. A disagreement with the existing result is found in β (2) (m 2 ) and its cause is briefly discussed.
Introduction
The gauge theory with softly broken supersymmetry (SUSY) has been widely studied as one of the plausible extension of the standard model. The model contains many new couplings, the soft SUSY breaking interactions, which are arbitrary in the low energy effective theory. When the model is embedded in some unified theories, such as the grand unified models and the supergravity models, the soft SUSY breaking couplings are expressed in terms of a few parameters at the very high unification scale. To obtain experimental predictions, we should extrapolate the values of these couplings to the weak scale by using the renormalization group equations.
The one-loop renormalization group equations for soft SUSY breaking interactions have been given in [1] for general cases. However, the two-loop contributions to the equations have not been known for a long time, although they can in principle be derived from the general β-functions in refs. [2, 3] . Very recently, the two-loop β-functions for the gaugino masses [4, 5] and the scalar interactions [6] were obtained. In this paper, we present an alternative method for calculating the β-functions, the supergraph method, in case of soft SUSY breaking scalar interactions.
The supergraph method [7, 8] , which is a very powerful tool for studying exact SUSY models, is also applicable to softly broken SUSY models by using the 'spurion' external field [9, 10] . This method has many nice features: manifest SUSY and divergence cancellation, reduction of number of graphs and Lorentz indices, and the non-renormalization theorem [11] . In most previous works [1, 4, 5, 6] , however, the renormalization group equations for soft SUSY breaking interactions have been calculated in the component field method in the Wess-Zumino gauge. Although ref. [12] has given a supergraph calculation of the one-loop scalar interactions, unfortunately, their specific method works only for very simple models.
We find that by using the supergraph method, the calculation of the β-functions for the soft SUSY breaking scalar interactions becomes much simpler than that in the component field method, due to the non-renormalization theorem. If the gauge group has no U(1) factor, we only need the divergent parts of two-and onepoint effective vertex functions of chiral supermultiplets with the spurion insertions. Moreover, these vertex functions can be obtained by simple algebra from those in exact SUSY case, at least to the two-loop order.
The paper is organized as follows. In section 2, we review the superfield expression of the gauge model with softly broken SUSY. A problem for the renormalization of soft SUSY breaking terms is discussed. In section 3, we show that the renormalization of soft SUSY breaking scalar interactions can be obtained from the divergent parts of two-point functions of chiral supermultiplets in exact SUSY case, if the gauge group has no U(1) factor. In section 4, we check that our method gives the correct one-loop β-functions for soft SUSY breaking scalar interactions. In section 5, we calculate the two-loop β-functions for these scalar interactions and compare them with the results in ref. [6] which are obtained by the component field method.
A discrepancy is found in the β-function for the scalar masses and its possible cause is discussed. Finally, section 6 gives our conclusions.
2 Softly broken SUSY model in the superfield formalism
In this section, we review the superfield expression of the lagrangian for general gauge model with softly broken SUSY. We then discuss a problem in the renormalization of soft SUSY breaking terms in the supergraph method and show that it is solved by a suitable redefinition of superfields.
We first write down the lagrangian of general gauge model with softly broken SUSY in the superfield formalism, by using the spurion external field η ≡ θ 2 . Our notation and convention for the superfield formalism are given in the Appendix. We consider a model with a semi-simple gauge group G = A G A , where G A 's are simple subgroups. In this paper, we assume that there is no U(1) factor in G, which is crucial for later discussion. The model contains chiral supermultiplets Φ i in the representations R The lagrangian is written as [13, 9] 
where the SUSY part is
and the soft SUSY breaking part is *
An appropriate trace for group generators is understood in all the lagrangians in this paper. L sof t contains the scalar masses m 2 , the gaugino masses m A and scalar * Usual definitions of A, B, C are our
interactions A, B, C. The factor e 2gV in (2.3) is necessary to make L sof t invariant under the super-gauge transformation. If G has no U(1) factor, the Fayet-Iliopoulos term d 4 θV is not generated. The explicit forms of the gauge-fixing term L GF and Fadeev-Popov ghost term L F P are given in section 3.
We encounter one problem in the renormalization of (2.3). The lagrangian (2.3) does not contain all possible divergent terms involving η,η. In fact, loop correction produces the following types of divergences [9, 12] , in addition to those in (2.3),
The last term in (2.4) can appear only if G has a U(1) factor. In the component field formalism, these terms can be expressed as linear combinations of the usual terms in (2.3) by eliminating auxiliary components. But in the superfield formalism, this procedure means the substitution of the equation of motion into (2.4) and is not easy to justify. So, to obtain manifestly finite effective action in the superfield formalism, we should include the first three terms of (2.4) to the original lagrangian :
Here we have introduced new couplings κ, ρ 1 and ρ 2 , whose dimensions are 1, 3 and 2, respectively. Fortunately, the lagrangian (2.5) can be transformed into the conventional form (2.3) by the following θ-dependent field redefinition, 6) Then the relations between the coupling constants in L sof t and those in L ′ sof t are as follows:
In (2.9), we have used the following identity .3) by using the relations (2.7-2.10). If the gauge group has a U(1) factor, we further need an additional term 12) in the lagrangian (2.5). By the field redefinition
The appearance of the ρ 3 term complicates the following discussions, and we will discuss its consequences elsewhere.
Evaluation of divergent parts
In this section, we consider the calculation of the divergent supergraphs which are relevant to the renormalization of soft SUSY breaking scalar interactions. We show that to the two-loop order, the relevant divergences involving spurion η are derived by simple algebra from those in exact SUSY case. We follow the method given in ref. [8] .
By the non-renormalization theorem [11, 8] and discussions in the last section, it is sufficient for our study to calculate the divergent parts of vertex functions Φ Φ and Φ with and without η insertions.
The divergent parts of the vertex functions
and
respectively. T j i in (3.1) is the two-point function in the exact SUSY case. By power counting, the factors Dη andDη do not appear in these divergent parts. The renormalization of the coupling constants in the lagrangian (2.3) are then expressed as
where µ is the renormalization scale and loop integrations are done in D = 4 − 2ǫ dimension. The above relations are obtained from the relations (2.7-2.10) by noting
in the renormalization condition (κ, ρ 1 , ρ 2 )(renorm) = 0 in section 2. The equations (3.3-3.6), which are similar to the renormalization of the superpotential,
are remarkable consequences of the supergraph method. We first consider the calculation of the two-point function T (η) . This function is obtained by inserting up to two η operators in (2.3) to propagators and vertices in the 1PI supergraphs that contribute to the renormalization of the d 4 θΦΦ operator. We can commutate all η's and D operators at any step in our calculation since the commutator [D, η] = Dη does not contributes to the final results (3.1), apart from the subdivergences for vector self-interactions (see the last paragraph of this section). So the η-insertions to vertices becomes almost trivial: the θ-algebra and momentum integration are completely the same as those without the η-insertions. The insertions can be done after all θ-integrations in the supergraph have been reduced to a single integration d 4 θ. The m 2η η operator insertions to chiral supermultiplet propagators can be treated in the same manner if we use the following propagator with a m 2η η insertion,
instead of the exact and more involved one [10] , since the relevant part of (3.11) is proportional to the exact SUSY propagator. Note that we need not specify whether η = θ 2 1 or θ 2 2 in (3.11). The gaugino mass insertions to vector supermultiplet propagators can also be done in the same manner after the following special care has been taken. In exact SUSY case, we usually use the supersymmetric gauge fixing term [14, 8] ,
with the associated Fadeev-Popov ghost term,
where
Here c and b are the Fadeev-Popov ghost and anti-ghost, respectively, which are Grassman-odd chiral superfields in the adjoint gauge representations. With the insertions of the gaugino mass term in (2.3), the propagator for vector supermultiplet is [10] ,
Since the divergent vertex functions (3.1, 3.2) are independent of the gauge fixing parameter ξ, we can choose two special values for ξ in (3.15):
In both cases, the propagator becomes (1 + m A η + m * Aη + 2|m A | 2η η) times the one in exact SUSY case. So the insertion of gaugino mass term can be done as simple as the other η-insertions.
Therefore, the relevant supergraphs for T (η) are obtained from those for T in exact SUSY case with only dimensionless couplings, by the following rules:
3. replace the factor δ l k associated with an internal Φ kΦ l line by δ Next we consider the tadpole function J (η) in (3.2). By power counting and chirality conservation, the relevant supergraphs should contain one and only oneΦ The renormalization group equation for the coupling constant x k is obtained from the relation between bare and renormalized coupling constants as
multiply the vector self-coupling (V
It is easily seen that the renormalization group equations for A, B, C and m 2 are obtained by multiplying the coefficients of ǫ −1 on the right hand sides of (3.3-3.6) by 2 for the one-loop contribution, or by 4 for the two-loop contribution.
The rules (3.16) for the η-insertion do not apply to the vertices with only vector superfields, such as the gaugino mass term in (2.3) and the ρ 3 term in (2.12) since these vertices contain D operators in the divergent parts. There might appear problem in the calculation of T (η) if these vector vertices appear in the supergraphs as subdivergences. For example, in the two-loop T (η) , one-loop subdivergence of twopoint vector vertex appears. Nevertheless, we have checked that the rules (3.16), when applied to the one-loop V V propagator, give a correct counter term for the 1PI gaugino mass vertex, which is zero [1, 8] . So the rules (3.17) are valid at least to the two-loop order. Further study on the vector vertex functions will be reported elsewhere.
One-loop renormalization group equations
In this section, we calculate the one-loop β-functions for soft SUSY breaking scalar couplings, using the supergraph method. Our results agree with the existing results [1] which have been calculated in the component field method, but the calculation is much simpler.
The one-loop contribution to the two-point function T j i in the exact SUSY case is [15] 
where we adopt the notation
Following the rules (3.17), the divergent vertex functions with η are derived from (4.1) as follows:
By substituting these results into (3.3-3.6), we immediately obtain the β-functions for soft SUSY breaking scalar interactions,
For comparison, we also show the β-function for λ ijk ,
The results (4.7-4.11) exactly agree with the existing results [1] if the gauge group has no U(1) factor. If the gauge group contains a U(1) factor, the following additional term ∆β 12) appears. This is the ρ 3 contribution (2.13).
Two-loop renormalization group equations
In this section, we calculate the two-loop β-functions for soft SUSY breaking scalar couplings, using the supergraph method. We also discuss the difference between our results and the recent results in [6] which are obtained in the component field method.
We should first discuss the renormalization scheme. In general, the two-loop renormalization group equations depend on the renormalization scheme, except for those of the gauge couplings. In this paper, we use the DR scheme (dimensional reduction [16] with modified minimal subtraction [17] ) since it is most convenient in the supergraph calculation and respects SUSY, at least to the two-loop order [3, 18] .
The two-loop contribution to the two-point function T j i in SUSY case is
where we adopt the notation, in addition to (4.2),
The result (5.1) agrees with that in ref. [19] . The divergent contribution to T (1) , T (2) , J (1) and J (2) are derived from (5.1) by using (3.17) as follows: 4) and
By substituting these results into (3.3-3.6), we obtain the two-loop β-functions for soft SUSY breaking scalar interactions in the DR scheme. The results are listed below:
For comparison, we show the β-function for λ ijk ,
As in the last section, the contribution of ρ 3 (2.13) is not included in β(m 2 ). Finally, we compare our results to the other calculation. Recently, the two-loop β-functions for A, B and m 2 have been obtained in ref. [6] by using the component field method. They have used the following method: apply the general formulas given in [2] to the softly broken SUSY model in the Wess-Zumino gauge and convert them to the DR scheme by the one-loop finite transformation [5] . Our results agree with theirs for A and B, but do not for m 2 . The difference is
The first two terms are the contributions from ρ 3 (2.13) that we neglected in the present analysis and they cause no problem. The remaining two terms show, however, a serious discrepancy between our results and those of ref. [6] . The discrepancy can be clearly shown for the following simple case:
We have found by a direct calculation in the DR scheme that, for this simple case, the component field method does reproduce our result. However, we have so far been unable to trace the origin of the discrepancy and the definite conclusion is left to further studies.
Conclusion
In this paper, we have obtained the renormalization group equations for soft SUSY breaking scalar couplings to the two-loop order, by using the supergraph method. We have shown that, due to the non-renormalization theorem, the renormalization group equations for these couplings are obtained by evaluating one-and two-point functions of chiral superfields involving the spurion field η, if the gauge group has no U(1) factor. Under the same condition, we have also shown that the one-and two-loop relevant divergent terms involving η can be obtained by simple algebra from those in exact SUSY case. Our results basically agree with the existing results which are obtained by the component field method, but the calculation is much simpler once the SUSY two-point function T j i in (3.1) has been given. A discrepancy in the two-loop β-function for the scalar mass term is found between our results and those of ref. [6] that are obtained by finite transformation from the non-SUSY β-functions of the component field. Although we confirmed in a simple case the validity of our result by an explicit calculation in the component field method, we have not been able to trace the origin of the discrepancy.
Our method of obtaining the β-functions for the soft SUSY breaking terms from the exact SUSY results might be extended to higher loop orders, if the following problems are solved: the potential inconsistency [20] of the DR scheme and the renormalization of the vector and ghost superfields in softly broken SUSY models.
If the gauge group has a U(1) factor, such as the standard model, we should add the ρ 3 contribution (2.13) to β(m 2 ). The analysis including this contribution will be reported elsewhere.
Note added in proof
After this paper was accepted for publication, we received a paper [21] which found a different result for β (2) (m 2 ). Ref. [21] points out that for the proper renormalization in the DR scheme, the mass termsm A for the ǫ-scalars (the last 2ǫ components of the vector fields V Hereĝ µν is the 2ǫ-dimensional metric tensor. In the superfield formalism, the extra contribution to β (2) DR (m 2 ) above come from the additional terms to T (2) in (3.1), which are produced by them 2 insertion to supergraphs and by the subdivergencē ηη(DσDV ) 2 which is absent in naive calculation. We have found that the corresponding additional terms to J (2) in (3.2) modifies β (2) (C) of (5.9) as, Details of the discussion will be presented elsewhere. We thank I. Jack, D.R.T. Jones, S.P. Martin and M.T. Vaughn for clarifying discussions on this problem.
we can show that eq.(2.1) gives the properly normalized lagrangian,
